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Abstract 
This experiment, conducted with seventh grade students, 
used a three way analysis of variance to measure the effect 
of three teaching methods, three ability groups and two types 
of elementary school background on retention and transfer of 
concepts of polygonal numbers.  The first teaching method was 
discovery known for its use of the example-rule sequence and 
greater student responsibility. The second teaching method 
was exposition, characterized by the rule-example sequence and 
more teacher control.  The third teaching method was termed 
intermediate because concepts were randomly chosen to be 
covered by one of the first two methods. 
The three ability groups (low, average, and high) were 
based on scores on the Otis-Lennon Mental Ability Test. The 
two types of previous school background were the use of the 
discovery method and traditional teaching method in elementary 
school. 
The dependent variables were two parallel form of a test 
of retention and two parallel forms of a test of transfer 
based on the one week unit of polygonal numbers that was taught, 
Form A of the tests was administered after the unit was com- 
pleted. ' Form B was administered three and a half weeks later. 
An analysis of variance rendered significant differences 
at the five per cent level with respect to ability on both 
tests of retention.  Significant differences with respect to 
ability and elementary school background were found on both 
tests of transfer at the same level. The significant differ- 
ence between ability groups on all four tests is an obvious 
and reasonable expectation since students were not required 
to meet a criterion.  Contrary to expectations on the test of 
transfer, the group with the traditional elementary school 
background had the higher mean score. Reasons cited for this 
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were prior mixed experience with both types of teaching methods, 
and an observed attitude difference between the group from 
the traditional background and the group from the discovery 
background. 
A nonsignificant F-ratio bears recognition.  All three 
teaching methods were found to be equally effective on all 
four tests.  Possible reasons for this were a mixed elementary 
school background and the limited length of the instruction 
period (one week).  None of the interactions were found 
significant. 
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Chapter 1 
Introduction 
Educators have witnessed numerous changes in recent years. 
Foremost in trends has been the shift from the expository me- 
thod to the discovery method of teaching.  However, one must 
put the efficacy of student learning above the mere use of a 
new method.  The purpose of this experiment is to measure the 
effects of previous school experience with either the discovery 
or expository method, three ability levels, and three methods 
of teaching on retention and transfer of concepts of polygonal 
numbers. 
Many research projects have been conducted to compare 
the use of the expository method, rule-example sequence (R-E); 
and the discovery method, example-rule sequence (E-R). " Gener- 
ally it has been found that the expository method facilitates 
immediate retention and computation whereas the discovery 
method facilitates longer range retention and transfer or 
application of the concept to a new situation. 
Gutherie (1967) used four instructional sequences in his 
experiment; (1) R-E, (2) E-R, (3) E, and (4) a no-training 
group.  The example group was superior to the other groups on 
remote transfer and retention tests.  It was necessary to 
utilize a no-training group in order to contradict the results 
of an earlier experiment done by Kittell (Gutherie, 1967). 
Kittell concluded his expository group was superior to the 
discovery group in spite of the fact that the former group was 
required to meet a higher criterion of initial learning. 
A longitudinal study was conducted in New Hampshire to 
compare modern (discovery), traditional (expository), and 
transitional instruction.  High ability students from modern 
instruction performed better in algebra and geometry classes, 
while all students from a traditional class were able to 
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compute signiricantly better than others (Austin and Prevost, 
1972). 
Price (Travers, 1973) experimented with three classes 
of tenth grade pupils; (1) traditional-deductive, (2) inductive, 
and (3) inductive-transfer-  He found groups 2 and 3 had 
insignificant gains in achievement, but had significant gains 
in reasoning and critical thinking. 
Learning a new alphabet was the task set before three 
groups t»y Forgus and Schwartz (1957).  Group 0 was given the 
rule upon wnich the alphabet was based, Group P had to decipher 
and describe in writing the principle of the new alphabet, and 
Group M was given the alphabet in random order and had to 
memorize it.  Groups P and 0 were superior to group M on the 
recall and transfer tests. 
Ray (1961) used three treatment groups; (1) traditional 
method, (2) directed discovery, and (3)   a  control group with 
no instruction to show its effects on initial learning, reten- 
tion and transfer of micrometer principles and skills.  He 
found no significant difference between methods on achievement 
or a one week retention test.  Group 2 was superior on a six 
week retention test, a one week transfer test, and a six week 
transfer test. 
King (1969) conducted an experiment to find aptitude treat- 
ment interactions (ATI) with 456 fifth and sixth grade students 
who were taught five basic set concepts.  Although the ATI 
were not significant he did find that students who were able 
to discover concept meanings had a higher regression coefficient 
on inductive reasoning than deductive reasoning.  Similarly, 
students who performed well in an expository situation had 
high regression coefficients on deductive reasoning. 
Roughhead and Scandura (1968) found results contrary to 
the usual trend.  They used combinations of four programs; 
R-rule given, D-discovery, G-guided discovery, and E-exposition 
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of derivation rule.  They found R and RD groups did better on 
learning and transfer tests than RG, RE, DR, ER, and GR groups. 
They contend that what is learned by guided discovery can be 
taught by exposition with the same results. 
Research has been done on the relationship between ability 
level and mathematical achievement, but not with respect to 
a specific teaching method.  Feierabend (Aiken, 1971) concluded 
there is a positive relationship between general intellect and 
mathematical ability.  Also, a test done in England at three 
different junior schools found that mathematical ability is 
directly related to a general ability factor (Richards and 
Bolton, 1971). 
Most researchers will agree that there is probably not 
only one ability factor but a group of ability factors that 
account for mathematical achievement.  Kline (Aiken, 1971) 
has subdivided mathematical ability into verbal comprehension, 
deductive reasoning, algebraic manipulative skill, number 
ability, and adaptability to a new task.  Sister M. Canisia 
(1962) revealed through her experiment with 160 eleventh grade 
girls that mathematical ability consisted of four components. 
They are (1) the ability to handle mathematical symbols and 
relationships, (2) the ability to abstract relationships, 
(3) the influence of formal scholastic training, and (4) a 
number factor. Zoolalian (1965) found significant differences 
in the self-concept of fourteen ninth grade achieving and 
non-achieving boys with the same ability.  The achievers 
scored significantly higher on the leadership, social relation- 
ships, validity, adjustment to reality, family relationships, 
and emotional stability scales of the Minnesota Counseling 
Inventory. 
Previous experience with the discovery method may make 
a significant difference on subjects' performance in an 
experiment.  Jerome Bruner (1961) states that one learns to 
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discover, solve problems, and inquire through practice. 
Suchman (McDonald, 1964) found that his subjects needed train- 
ing in inquiry to produce effective inquiry skills.  Jerome 
Kagan (1966) states that the discovery method is best suited 
for children above the age of nine, with high motivation for 
mastery, and a reflective motive. 
Experimenters often overlook the practicality of their 
teaching methods in a school situation.  For example, the 
possibility of a teacher presenting only examples as suggested 
by Gutherie's experiment is nonexistent.  Significant results 
were almost assured for groups P and 0 of the Forgus and 
Schwartz investigation because they were compared to memoriza- 
tion of 26 abstract meaningless symbols.  Only one of the 
seven learning sequences of the Roughhead and Scandura study, 
R, is likely to be used in the classroom. 
The writer proposes to use three operable teaching methods 
in this experiment; discovery, exposition, and an intermediate 
method using discovery and exposition.  These methods may be 
considered to have the following important characteristics. 
The discovery method, M., is known for its use of the 
inductive method of reasoning.  Consequently, examples will 
be given first and from them a rule will be induced.  The 
student must find the common link among all examples. This 
usually leads to the trial and error method and the possibility 
of incorrect responses.  The discovery method requires changes 
in student behavior.  Because there is less teacher control, 
the student must be more autonomous.  The students must 
exhibit greater motivation and satisfaction with intrinsic 
rewards. 
The expository method, M , utilizes deductive reasoning. 
This requires that the rule be given first, followed by 
examples substantiating it.  Emphasis is placed on practice of 
the rule and minimization of incorrect responses.  The teacher 
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posesses most of the control in the traditional classroom. 
The students are rewarded extrinsically, most often by the 
teacher.  The fact that students are passive, the writer feels, 
is open to debate.  The expository method does use less time 
than the discovery method. 
The third method employed in the experiment, M , will be 
a combination of the above two methods and provide a more 
workable method in a classroom.  It is not feasible for every 
student to discovery every concept in the curriculum.  A 
teacher must be permitted to choose between important concepts 
to be presented in discovery form and those to be taught in a 
traditional manner.  For the experiment the writer will randomly 
choose half the concepts to be taught by discovery and the 
other half by exposition. 
In addition to the three teaching methods, this experiment 
also took into consideration two other independent variables. 
First, the population sample was divided into three ability 
groups according to IQ score obtained from the participating 
school district.  Even though the writer divided ability into 
only three levels, she acknowledges that refined research 
has been done to define the exact factors of mathematical 
ability.  The reader is referred to the previously cited work 
of Kline, Canisia,.and Zoolalian. The relationship between 
the three ability groups and the afore mentioned teaching 
methods was determined.  Heretofore, the applicability of a 
particular teaching method was not considered with respect to 
ability.  Ray designed his experiment to find the effect of 
three teaching methods on three levels of intelligence, but 
no conclusions were reported on this particular aspect. 
Second, the effect of previous school method, whether 
discovery or exposition, on a child's present learning Was 
measured.  Authorities have suggested a study of this variable, 
but an actual experiment is not known to the writer. 
The subjects of this experiment were taught a unit on 
polygonal numbers by the three previously described methods. 
The dependent variables were four test constructed by the 
writer. Tests of retention and transfer of concepts were 
given immediately after the unit was completed.  Four weeks 
later the experimenter administered parallel forms of the 
same tests. 
Consequently, this experiment will have four hypotheses 
to be tested on each of the dependent variables, the two tests 
of retention and two tests of transfer.  This results in a 
total of 16 hypotheses to be tested. 
1-  HQ: fL£*p  -y^-oti 
where EXP = previous background in 
expository method 
DIS = previous background in 
discovery method 
2.  HQ: ^L^A  -^MH 
where L = low ability group 
A = average ability group 
H = high ability group 
3 •  HQ: M^, - yU-nz - JJ- Mf 
where M, = discovery method of teaching 
Mr, = expository method of 
teaching 
M, = intermediate method of 
teaching 
H :  Interaction = 0 
o 
The fixed model, three-way classification is as follows. 
M 
Teaching 
Method  M 
M 
Ability 
L    A   H 
1 
2 
3 
Layer 1 
Traditional 
Background 
Ability 
-L-.   A   H 
Ml 
M2 
M3 
Layer 2 
Discovery 
Background 
Figure 1.  Diagram of fixed, three-way classification model. 
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Chapter 2 
Method 
Subjects 
The population sample of the experiment was the seventh 
grade of the East Penn School District in Emmaus, Pennsylvania. 
The district is a suburban, consolidated organization.  In 
the opinion of the author most of its students fit into a 
middle to upper-middle class socio-economic background.  The 
experimenter began choosing subjects by dividing the sample 
into the three ability groups.  From these three groups fur- 
ther necessary subdivisions, elementary school background and 
teaching method, were made to complete the experimental design. 
Intelligence score information was supplied on the par- 
ticipating students.  The participants were administered the 
Otis-Lennon Mental Ability Test, Elementary II Level, Form J 
by Arthur S. Otis and Roger T. Lennon, in January of sixth 
grade.  The normalized standard mean of 100 and deviation of 
16 points was used as a guide in the formulation of the 
ability groups for this experiment.  Scores of 99 and below 
constituted the low ability group.  Scores between 100 and 116 
made up the average ability group.  Scores of 117 and above 
comprised the high ability group. 
The first subdivision to be made was according to the 
students elementary school background.  Knowledge of how the 
students progress through the school district and observations 
by the experimenter determined whether the background was 
traditional or discovery. 
The students of the district begin their education in 
nine different elementary schools.  All students attend only 
two schools for fifth and sixth grade, Jefferson and W. A. 
Shoemaker Elementary Schools.  Upon transfer to seventh grade 
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the majority of students at Jefferson will attend Emmaus Junior 
High School and the majority at Shoemaker will attend Howard 
A.  Eyer Junior High School.  The small proportion of students 
that cross the usual lines of transfer will be excluded from 
the study. 
The line of transfer from early elementary school, to 
Jefferson, and finally to Emmaus Junior High School will be 
considered the traditional group.  The writer was able to 
observe a sixth grade class at Jefferson and Emmaus Junior 
High School in order to assess its traditional characteristics. 
Although the teacher at Jefferson used a book following the 
R-E sequence, when presenting a lesson he was more likely to 
follow the E-R sequence.  The teacher corrected most of the 
homework himself and structured the days activities.  This 
reduced the amount of decision making on the part of the 
student. 
The teacher observed at Emmaus Junior High School was a 
traditionalist.  He faithfully followed the R-E teaching 
sequence, followed a similar schedule each day, and was a 
strict disiplinarian. 
The other line of transfer from elementary school, to 
Shoemaker, to Eyer Junior High School is the discovery route. 
The writer was able to observe a more representative sample 
teachers at Shoemaker.  Those observed were equally divided 
with respect to teaching sequence used.  However, compared with 
Jefferson there is a difference in the amount of student 
independence.  Pupils were responsible for correcting their 
own work and budgeting their own free time. 
The characteristics observed at Eyer Junior High School 
were mixed, yet definitely along the lines of discovery.  Once 
again both learning sequences were used.  However, students 
were given more independence when budgeting their own free 
time and were most often given the responsibility of correcting 
their own work. 
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After satisfactorially catagorizing the two main groups 
of the study, the writer conferred with the four seventh grade 
mathematics teachers to determine a unit of study for the 
experiment, to obtain a pretesting group for the purpose of 
calculating reliability coefficients of the tests, and to 
decide which groups would be used for the actual experiment. 
The unit of study, polygonal numbers, will be discussed in 
detail in the next section.  The group chosen for pretesting 
was a pod of students at Eyer Junior High School that had 
already covered the unit on polygonal numbers.  The only 
other seventh grade pod at that school was used for the actual 
experiment.  The principal of Emmaus Junior High School and 
the writer agreed that the sections of the more traditional 
teacher should participate in the experiment. 
The second subdivision needed to complete the design was 
to equally divide each group of students with one of the three 
abilities and one of the two elementary school backgrounds 
among the three teaching methods.  This was done with a random 
number table.  The upper half of each cell in figure 2 indi- 
cates the potential number of subjects. The lower half 
indicates the actual number-of subjects that participated in 
the experiment.  An explanation follows figure 2 to explain 
the loss of students. 
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Ability Ability 
Teaching 
Method 
L A H 
MT _ 8 21 10 1 
6 16 10 
M 1
 2 
7 
7 
22 
19 
10 
9 
M 8 22 10 3 
4 19 5 
Layer 1 
Traditional 
Background 
T, A H 
M. 9 21 13 1 
4 14 11 
M,, 8 20 10 2 
4 13 8 
M3 7 
3 
20 
16 
12 
12 
Layer 2 
Discovery 
Background 
Figure 2.  The  experimental design indicating the number of 
subjects in each cell.  The upper half of the cell 
is the potential number of subjects, the lower 
half is the actual number of subjects used in the 
calculations.  Twenty-six subjects in the upper 
half of layer 2 are not represented because IQ 
scores were not available. 
The pretest group had a potential 143 students.  However, 
of this number, only 101 students took the tests because 42 
did not return the permission slips the principal required. 
Of the remaining 101 students 20 student's test result were 
not used for the calculation of reliability coefficients and 
item analysis because IQ scores were lacking.  IQ scores were 
necessary so that a comparison could later be made on the 
similarity of the pretest and the experimental groups. Reasons 
for the missing IQ scores were absenteeism on the day of ad- 
ministration of the test and recent transfer from another 
schoold district or private school. This resulted' in 81 
subjects.  Because of absenteeism on the day the test for the 
experiment were given, 80 scores were used in calculations 
involving the tests of retention and 79 scores in calculations 
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involving the tests of transfer. 
Initially, the traditional experimental group had 118 
students.  Twenty-one of those students were excluded because 
they transferred to seventh grade from a school other than 
Jefferson.  Two more students were omitted; one for suspicion 
of cheating on the tests and the other for being absent the 
week the unit was taught.  The final total was 95 students. 
The discovery experimental group began with 146 students. 
Thirty-one students were omitted because the required permission 
slips were not handed in, 23 more were lost because IQ scores 
were not available, and seven more were excluded because of 
both of the previous reasons.  This left a total of B5 subjects 
in this school. 
Average IQ scores for the pretesting group were 110.358 
and for the experimental group were 111.427.  No significant 
difference was found between those mean scores.  This indicated 
that the group upon which reliability coefficients and an 
item analysis were first calculated are similar with respect 
to intelligence. 
A closer look can be taken at the individual groups of 
subjects with respect to IQ by means of an analysis of 
variance.  The pertinent information is found in table 1. 
Significant differences were found with respect to ability 
and the interaction of elementary school background x ability. 
A Scheffe test performed on the three ability groups (df = 2, 
162 and p = 6.12 at the 5% level of significance) indicated 
differences that were significant between all three ability 
groups.  This is a necessary prerequisite for any implications 
to be made about the experiment.  A Scheffe test performed on 
the ability x elementary school background interaction 
(df = 2," 162 and p = 6.12 at the 5% level of significance) 
indicated differences between ability groups of each school 
but no  significant difference between the same ability 
■14- 
groups of different schools. In effect, the same information 
was generated as the first Scheffe test. 
Normally, a random sample of subjects would assure signif- 
icant differences between ability groups.  However, in this 
experiment the low and high ability groups are open-ended. 
Extreme scores in these groups could produce significant 
differences between the same ability group of different schools, 
thereby affecting future comparisons of the groups with respect 
to other qualities.  The analysis of variance provided insur- 
ance that this is not the case. 
Table 1 
Analysis of Variance of IQ Scores of Experimental Group 
Sum of Mean 
Source df Squares Square F-Ratio 
Elem. Background (I) 1 64.79 64.79 1.61 
Ability (J) 2 23670.54 11835.27 294.61 * 
Teaching Method (K) 2 97.69 48.84 1.22 
I x J 2 273.46 136.73 3.40 * 
J x K 4 207.86 51.97 1.29 
I x K 2 43.40 21.70 .54 
I x J x K 4 178.68 44.67 1.11 
Error 162 6507.90 40.17 
Note. indicates significant differences, 
-15- 
Materials 
The unit of study chosen was polygonal numbers. In par- 
ticular, the students covered triangular numbers, square num- 
bers, and the definition of a pentagon and hexagon. The two 
parallel forms of the test of retention measured the amount 
learned on these topics.  Two parallel forms of the test of 
transfer measured the amount the student implied about pentag- 
onal numbers and hexagonal numbers. 
Exact objectives upon which the lessons and tests are 
based on are listed below. 
Immediate Objectives - Retention 
Triangular Numbers 
1. Be able to recognize an equilateral triangle. 
2. Be able to define an equilateral triangle. 
3. Be able to describe a triangular number. 
4. Be able to draw the array of a triangular 
number. 
5. Be able to find the n  triangular number. 
6. Be able to find the n  triangular number 
by adding the first n natural numbers. 
Square Numbers 
7. Be able to recognize a square. 
8. Be able to define a square. 
9. Be able to describe a square number. 
10. Be able to draw the array of a square number. 
11. Be able to find the n  square number. 
12. Be able to find the n  square number.by 
adding the first n odd natural numbers. 
Pentagonal Numbers 
13. Be able to recognize a regular pentagon. 
14. Be able to define a regular pentagon. 
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Hexagonal Numbers 
15. Be able to recognize a regular hexagon. 
16. Be able to define a regular hexagon. 
Long Range Objectives - Transfer 
P = any n  polygonal number 
s = number of sides of figure 
17. Be able to recognize any s-sided figure. 
18. Be able to define any regular s-sided figure. 
19. Be able to describe any s-sided number. 
20. Be able to draw the array of a s-sided 
number. 
21. Be able to find the n  s-sided number. 
22. Be able to intuitively find the n  s-sided 
number with the rule 
n 
P = Z 1 + (s-2)(n-l) 
t 
(Explanation and proof of the equation can 
be found in the appendix). 
The three teaching methods basically involve two learning 
sequences.  The first sequence, the traditional approach, re- 
quires that the rule (R) be given first followed by examples 
(E).  The second sequence, the discovery approach, is charac- 
terized by examples given first from which the rule must be 
induced.  A third learning method, the intermediate approach, 
is accomplished by covering objectives by one of the first two 
sequences described.  In this experiment the decision of which 
objective was to be covered by which sequence was made by the 
random flips of a quarter.  Objectives 1, 2, 3, 4, 7, 8, 9, 
10, 13, and 14 were covered by the R-E sequence.  Objectives 
5, 6, 11, 12, 15, and 16 were covered by the E-R sequence. 
Both learning sequences were followed by identical practice 
exercises. 
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As explained in the introduction, the teaching methods 
consist not only of a learning sequence, but also a designated 
amount of student responsibility. The experimenter tried to 
produce that effect by varying the amount of student responsi- 
bility to correct his own papers.  Those learning by the tra- 
ditional method had their work corrected by the teacher.  Those 
learning by the discovery method were supplied with an answer 
sheet to correct their own.  Those in the intermediate method 
had their papers corrected according to the sequence being 
used. 
It was necessary for the material to be organized in 
packet form, since the experimenter had to conduct all three 
teaching methods during a class period.  Each packet consisted 
of three subdivisions.  Part one covered objectives one through 
six, part two covered objectives seven through twelve, and 
part three covered objectives thirteen to sixteen.  The sub- 
jects were given two class periods to finish part one, two 
class periods for part two, and one class period for part 
three.  An example of the traditional and discovery teaching 
sequences follows; it is the subunit on square numbers covering 
objectives seven to twelve.  A complete copy of the entire 
teaching sequences is available from the writer. 
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Square Numbers 
(Traditional Approach) 
A square is a four sided figure in which 
1. all four sides are an equal length and 
2. all diagonals are an equal length 
Use your ruler to check that all the figures below are squares, 
\ 
\ 
/ 
X 
/ 
\ 
/ 
/ \ 
Look at the figures below.  Without the aid of a ruler, 
pick the figures that have the characteristics of a square. 
■19- 
3 
-F 
You should have chosen b, g, and h as the square figures. 
Exercises 
Study the shapes below.  List the numbers of the figures 
that are squares.  Do not use a ruler. 
1.    /       7 4. 
5. 
3. 6. 
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A  natural number that can be arranged into a square array 
is called a square number. There are an equal number of dots 
in each row and column of a square array. Study the examples 
pictured below to see exactly how a square number is con- 
structed. 
First 
Square 
Number 
Dots       Dots       Square 
in Row  x in Column = Number 
1   x 1 
Second 
Square 
Number 
2   x 
Third 
Square 
Number 
•     0 
0 0 3   x 
Fourth 
Square 
Number 
4   x 16 
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Exercises 
Study the arrays below, 
that are square arrays. 
List the numbers of the figures 
•  •  a 
• o 
• # 
• * 
• o 
• * 
•    0     •    • 
• 0 •     * 
• m     0  • 
0  • 
«  •  #  •  0 
Draw the array for the given square number. 
7. 5th square number 9. 7th square number 
8. 6th square number        10. 9th square number 
Find the natural number that is associated with each of 
the following square numbers. 
11. 3rd square number        14.   9th square number 
12. 4th square number        15. 15th square number 
13. 1st square number        16. 21st square number 
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There is an alternative way to find a square number with- 
out drawing the array. 
The nth square number is equal to the 
sum of the first n natural odd numbers. 
The rule is divided into 3 parts to show exactly how it works. 
Study the chart carefully. 
The nth square number is equal to 
the sum of the first n 
natural odd numbers. 
First 
Square 
Number 
1 1 
Second 
Square 
Number 
4 1 + 3 
Third 
Square 
Number 
9 1 + 3 + 5 
Fourth 
Square 
Number 
16 1 + 3 + 5 + 7 
Seventh 
Square 
Number 
49 1+3+5+7+9+11 
13 
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Exercises 
Use the rule to complete the following problems 
1.     Fifth 
Square   =1+3+5+7+9 
Number 
2.  Sixth 
Square   =1+3+5+7+9+11 
Number 
3.  Eighth 
Square 64 
Number 
4.  Ninth 
Square 81 
Number 
5.  Tenth 
Square 
Number 
6.  Eleventh 
Square 
Number 
7.  Fifteenth 
Square 
Number 
8.  Twentieth 
Square 
Number 
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Part II 
(Discovery Approach) 
Examine the figures below carefully. Use your ruler if 
necessary.  Look for characteristics that are the same for 
all the figures. Write the characteristics on your answer 
sheet. 
rr 
\   / 
\ / 
A 
/ \ 
/ 
When you have finished listing the characteristics, turn the 
page and continue reading. 
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You should have found that the common characteristics of the 
figures are 
1. 4 sides 
2. all sides are an equal length and 
3. all diagonals are an equal length. 
A figure with those 3 characteristics is called a square. 
Look at the figures below.  Without the aid of a ruler, pick 
the figures that have the characteristics of a square. 
f 
3 
Turn the page and check your answers. 
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Figures b, g, and h are squares 
Exercises 
Look at the figures below. List the numbers of the fig- 
ures that are squares.  Do not use a ruler. 
1. 4. 
5. 
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Study the four arrays in the chart. Read each column 
heading.  Fill in the needed information. 
Arrav 
Number of dots 
in each row 
Number of dots 
in each column 
Total number of 
dots in arrav 
• 
i 
• • 
• • • 
• • • 
• • • 
• • »    0 
* •          O          0 
* *  0  o 
* *  #  • 
When you have completed the chart, answer the next 3 questions. 
1. What geometrical shape is represented by the arrays? 
2. What can you tell about the number of dots of each 
row and column of the array? 
3. How can you find the number of dots in an array with- 
out counting each one? 
When you have finished everything on this page, turn the page 
and check your answers. 
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Array 
Number of dots 
in each row 
Number of dots 
in.each column 
Total number of 
dots in array 
• 1 1 1 
First Square 
Number 
• • 
• • 
2 2 4 
Second Square 
Number 
«  a a 
a  9       • 
•    0    » 
3 3 9 
Third Square 
Number 
• 9         •   0 
• »   *        » 
4 4 16 
Fourth Square 
Number 
1. The geometrical shape represented by the array is a 
square. 
2. There are the same number of dots in each row and 
column. 
3. You can find the total number of dots by multiplying 
the number of dots in a row times the number of dots 
in a column. 
A natural number that can be arranged into a square array is 
called a square number■ 
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Exercises 
Study the arrays below, 
that are square arrays. 
3. 
List the numbers of the figures 
4. 
• «» f 
»   m   » 
0 • 0 0 
0 0 0 • 
0 0 0 0 
m   «* 4t   0   4 0 * 
• 0**0+ & 
*a   o    e   m   if    e 
Draw the array for the given square number 
7. 5th square number        9. 
8. 6th square number 
7th square number 
10.  9th square number 
Find the natural number that is associated with each of 
the following square numbers. 
14. 9th square number 
15. 15th square number 
16. 21st square number 
11. 3rd square number 
12. 4th square number 
13. 1st square number 
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In the chart below you will again find the first 4 square 
numbers. The array has been partitioned. Read each column 
heading, then fill in the needed information. 
Array 
Number of 
dots in 
smallest 
partition 
Number of 
dots in 
second 
partition 
Number of 
dots in 
third 
partition 
Number of 
dots in 
fourth 
partition 
0 
• • 
• • • 
• • t 
• | » » 
• • o • 
• • # * 
• • • • 
• • * • 
When you have completed the chart, answer the next 2 questions 
1. What is the num erical difference between each 
successive partition? 
2. Using the information in the chart, develop a new 
rule to find a specific square number. 
When you have finished everything on this page, turn the page 
and check your answers. 
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Array 
Number of 
dots in 
smallest 
partition 
Number of 
dots in 
second 
partition 
Number of 
dots in 
third 
partition 
Number of 
dots in 
fourth 
partition 
Id 
9 » 
1 
* • 9 
• a  » 
a     •      M 
1 
• 0 • 0 
9 
0 
0 
• 0 0 
0 
0 
» 0 
0 0 
1 
1. The numerical difference between each successive 
partition is 2* 
2. To find the n  square number you must add the first 
n natural odd numbers. 
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Exercises 
Use the rule to complete the following problems. 
1.  Fifth 
Square 
Number 
= 1 + 3 + 5 + 7+9 
2.     Sixth 
Square 
Number 
=1+3+5+7+9+11 
3. Eighth 
Square 
Number 
64 
4.  Ninth 
Square 
Number 
81 
5.  Tenth 
Square 
Number 
Eleventh 
Square 
Number 
Fifteenth 
Square 
Number 
Twentieth" 
Square 
Number 
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The four dependent variables, two parallel forms of the 
test of retention (form A and form B) and two parallel forms 
of the test of transfer (form A and form B), were four option 
multiple choice, power tests.  Each test contained 30 ques- 
tions and the subjects were given 30 minutes to complete each 
test.  The students were given one point for each question 
correctly answered and no credit if any of the other three 
options were chosen.  Consequently, the scoring was simplified 
to a right-wrong situation. The highest possible score on 
any test was 30 and all scores were integral values. 
The test were constructed according to the objectives 
listed on pages 16-17.  A list of the objectives corresponding 
to each test question is given below.  Parallel forms of the 
same test covered the same objectives in equal quantity and 
in the identical order of difficulty.  This fact will be used 
later when attempting to demonstrate that the two forms 
actually are parallel. 
Test of Retention 
Objective     Question Number(s) 
1 1,2 
2 3 
3 4,5 
4 6,7 
5 8,9,10 
6 11,12 r 
7 13,14 
8 15 
9 16,17 
10 18,19 
11 20,21,22 
12 23,24 
13 25,26 
14 27 
15" 28,29 
16 30 
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st of Transfer 
Objective Question Number(s) 
19 3,4,18,19 
20 1,2,5,6,7,8,9 
23,24,25 
21 11,12,13,26,2 
22 14,15,29,30 
A  sample of the questions used in the tests follows.  A 
complete copy of the test can be obtained from the writer. 
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Test of Retention 
1.  Choose the figure that best represents an equilateral 
triangle. 
5.  A triangular number is 
a. 3 columns of dots 
b. represented by a 
triangular array 
c. an odd number 
d. an array 
Choose the array that represents the 5th triangular 
number. 
c. • 
0  • 
d. 
• • • 
# • • • 
7.  Thirty-six is a triangular number.  How many dots are 
there on one side of the array? 
a. 3 c.  8 
b. 6 d. 12 
10.  The 3rd triangular number is 
a. 1 c.  11 
b. 6 d.  16 
12.  You can determine the 5th triangular number by adding 
a. 1+2+3+4+5 c.  1+4+7+10+13 
b. 1+3+5+7+9 d.  1+3+6+10+15 
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16. A  square number is a/an 
a. natural number 
b. fraction 
c. decimal 
d. all of the above 
21. Which number is a square number? 
a. 22 c.  24 
b. 23 d.  25 
26.  Choose the figure that best represents a regular pentagon. 
a.     ^~—_ c. 
30. A  regular hexagon has 
a. 3 equal sides 
b. 3 pairs of equal 
sides 
c. 2 sets of 3 equal sides 
d. all sides equal 
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Test of Transfer 
1. Which of the following is an example of a pentagonal 
array? 
a. "\c.     • 
•    * » » • ,-' o   #  «• 
#«.#•■» 
b. • ••••»      d.      a 
• • 
•   • » 0      *      0      o      »  a 
*   p   • 
4. A pentagonal number is 
a. a ray c.  dots representing a 
number in a pentagonal 
array 
b. a multiple of 5     d.  a number with a 5 in 
the one's place value 
9. Which of the following arrays represents the 3rd 
pentagonal number? 
a. c   '   4 c.   •  •  • 
»     •  • • 
b. • . . d.    •    • 
e     c   • » •     •    » 
" •    •    • 
•  •   * 
13. What is the 5th pentagonal number? 
a. 5 c.  25 
b. 15 d.  35 
14. The 4th pentagonal number can be found by adding 
a. 1+2+3+4 c.  1+4+7+10 
b. 1+3+5+7 d.  1+5+9+13 
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15.  The 6th pentagonal number can be found by adding 
a. 1+2+3+4+5+6 c.  1+4+7+10+13+16 
b. 1+3+5+7+9+11        d.  1+5+9+13+17+21 
21.  How many dots does the 7th hexagonal number have on 
each side of the array? 
a. 7 c.  9 
b. 8 d.  none of the above 
24. Which of the following arrays represents the 4th hexagonal 
number? 
a. 
•       o        m 
•  •    • 
t C B 0 
• • ft * 
• • 0 0 
* 0 0 0 
* * * m 
* »  « « 
0        © 0 
«        •     *     {. 
*    ■» * * 
* * 0 » 0 0 * 
0 0 0 0 0*0 
28. What is the 6th hexagonal number? 
a. 44 c.  66 
b. 55 -   d.  77 
29. The 3rd hexagonal number can be found by adding 
a. 1+5+9 c.  1+3+5 
b. 1+4+7 d.  1+2+3 
\ i 
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A pretesting group gives one the opportunity to calculate 
reliability coefficients, and in addition, allows one to per- 
form an item analysis, thereby improving the quality of the 
tests.  The item difficulty index and item-total correlations 
were computed for each test. The results can be found in 
tables 2 and 3. 
The majority of item difficulty indices for the tests of 
retention are high.  This result is to be expected since the 
material in the packets and the test questions are in direct 
correspondence.  The indices of the tests of transfer show a 
much greater range.  This indicates greater variability in 
the students' ability to transfer concepts to a new situation. 
Item-total correlation results are listed in table 3. 
Using .3 as an acceptable correlation level, 10 out of 29 
questions in the test of retention, form A, and 11 out of 29 
questions of form B of the same test require alteration. 
Correlations were not computed for item 13 because all subjects 
2 
had the correct answer thereby making s  =0.  However, since 
each question represents an objective there is little room for 
a major change.  Instead, effort was put into improving the 
wording of the stem and changing some or all of the distractors. 
The starred (*) correlations in table 3 are the items that were 
changed. 
The item-total correlations of the tests of transfer 
appear to indicate a discrepency.  Of the 30 questions in form 
A only 4 questions meet the .3 level.  However, in form B, 
21 questions are acceptable.  One might surmise that the 
studentsr unconcern for the test prompted them to guess and 
therefore greatly lowered the item-total correlations. 
Another possibility is that enough time may have elapsed 
between the tests for students to think about the material on 
the test and give more correct answers on Form B. 
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Table 2 
Item Difficulty Indices of Tests Taken by Pretesting Group 
Item 
Number 
Retention Transfer 
Form A Form B Form A Form B 
1 .91 .85 .92 .58 
2 .79 .84 .47 .81 
3 .89 .74 .89 .80 
4 .71 .39 .94 .57 
5 .66 .75 • 56': .81 
6 .78 .80 .66 .73 
7 .70 .38 .75 .77 
8 .61 .63 .51 .71 
9 .81 .73 .63 .73 
10 .91 .80 .85 .76 
11 .90 .84 .52 .67 
12 .88 .81 .63 .58 
13 1.00 1.00 .30 .23 
14 .94 .98 .24 .24 
15 .94 .99 .32 .24 
16 .43 .79 .89 .86 
17 .88 .80 .46 .86 
18 .85 .95 .86 .90 
19 .79 ■ .79 .86 .86 
20 .84 .88 .85 .76 
21 .73 .86 .78 .80 
22 .95 .94 .89 .82 
23 .50 .45 .78 .62 
24 .46 .44 .84 .80 
25 .75 .74 .82 .78 
26 .81 .87 .70 .76 
27 .80 .83 .48 .68 
28 .86 .93 .60 .09 
29 .94 .93 .43 .41 
30 .51 .88 .58 .14 
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Tabl e 3 - Pretesting Group's Item-Total Correlations 
Item 
Number 
Retent ion Transfer 
Form A Form B Form A Form B 
1 .43 .28 .10 .59 
2 .31 .17 * .21 * .50 
3 .28 * .33 * .14 .55 
4 .39 
-.05 * -.03 * .35 
5 .41 .35 .15 * .58 * 
6 .40 .43 .17 .60 
7 .14 * .26 * .28 .63 
8 .50 .40 .13 .70 
9 .40 .27, .27 .77 
10 .15 .47 .31 .71 
11 .40 .32 .11 * .34 * 
12 .46 .23 .33 * .24 * 
13 I * I * .22 * .29 * 
14 .14 * .05 * .31 * .27 * 
15 .19 * -.02 * .23 .26 * 
16 .19 * .30 .01 .55 
17 .26 .31 .29 .52 
18 .28 .12 * -.01 .43 
19 .55 .34 
-.10 * .48 
20 .51 .31 .13 * .74 
21 .57 .34 .22 .65 
22 .04 * .24 .01 .47 
23 .48 .23 * .09 .26 
24 .55 .28 .09 .61 
25 .64 .37 .36 .64 
26 .60 .43 .12 * .19 * 
27 .59 .32 .22 * .39 * 
28 .52 .33 .18 * .11 * 
29 .57 .45 .27 * .23 * 
30 .15 * .38 .03 .00 
Note.  * indicates questions that 
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were changed. 
Again, it was difficult to completely change questions. 
Only four questions were completely changed, numbers 14 and 
29 on both forms of the tests. This was done to make a 
smoother progression from easy to more difficult questions. 
Other questions were revised. A sample of two of the completely 
changed questions are given below. They can be compared with 
the original questions found on pages 38-39. 
14. You can partition any pentagonal number so that the 
numerical difference between each successive parti- 
tion is the same.  The difference is 
a. 2 c.  4 
b. 3 d.  5 
29.  You can partition any hexagonal array to that the 
numerical difference between successive partitions 
is the same.  That difference is 
a. 2 c.  4 
b. 3 d.  5 
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Procedure 
The first major step toward the completion of the experi- 
ment was the administration of the four tests to the pretesting 
group.  Because four months elapsed between the time the sub- 
jects studied the material with their regular classroom teacher 
and the tests were given, each class was given one class per- 
iod of review.  The subjects were given the two test of re- 
tention in the morning and the two tests of transfer in the 
afternoon in a large group instruction room.  The groups 
were divided into two parts according to the alphabetical 
order of their last name. A-M were given form A first and form 
B second.  N-Z were given form B first and form A second to 
avoid the problem of learning carry over. 
The second major step entails covering the material in 
the packets and administration of the tests to the experimental 
groups.  The conditions in both junior high schools were 
similar.  The experiment was conducted in the morning during 
their regularly scheduled classes.  The original time schedule 
was to begin the packet on Monday and complete it on Firday; 
The following Monday and Tuesday the students were given form 
A of the test of retention and the test of transfer respectively. 
On Wednesday the test results were reviewed with the students. 
Twenty-three and twenty-four days later the experimenter 
returned to administer form B of the test of retention and 
test of transfer respectively.  The only exception to this 
schedule occured at Eyer Junior High School.  Form A of the 
tests were given on Tuesday and Thursday and the results were 
reviewed on Friday. This affected the ability to make com- 
parisons between schools with respect to form A of the tests 
since the time span between the end of the unit and testing 
are not equal. 
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Instructions were given verbally each time a new packet 
was begun.  Students were told: 
1. To work independently in the packet. 
2. To raise their hand if a question arose. 
3. The alloted amount of time to finish the packet. 
4. How to correct the work they completed. 
Each time a test was administed the same instructions 
were given verbally to the group. 
1. Read each question carefully. 
2. Choose the best answer.  There is only one 
answer for each question. 
3. Find the number on the answer sheet that is the 
same as the test question. 
4. Color the circle completely that is the same as 
your choice of answer. 
5. To change an answer erase the old one completely 
and then fill in another circle. 
6. No talking is allowed during the test. . .. 
7. If you have a question during the test, raise 
your hand and the teacher will assist you. 
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Chapter 3 
Results 
The results of this experiment were examined in terms 
of test quality and analysis of actual testing results. Test 
quality was studied with respect to item analysis, coefficient 
of internal consistency, coefficient of stability, deminstra- 
tion of parallel forms, and validity. The actual testing re- 
sults were considered in terms of the normalcy of the distri- 
bution of scores and the analysis of variance of the results. 
An item analysis was recalculated after the experimental 
group took the tests.  The item difficulty indices are listed 
in table 4.  The item-total correlations of table 5 indicate 
an improvement on all tests, with a striking improvement on 
the test of transfer, form A.  Whereas, only four of 30 
questions met the .3 level in the original test, now 25 of 30 
questions are at or above the acceptance level.  Other im- 
provements, although less dramatic, are 23 of 30 questions 
and 29 of 30 questions being acceptable for form A and form 
B respectively of the tests of retention.  The test of trans- 
fer, form B, had 27 of 30 questions at or above the .3 level. 
One can only conjecture about the reasons for improve- 
ment of the item-total correlations.  The writer believes 
it was mainly a difference in the attitude of the group being 
tested.  The pretesting group did not have much incentive to 
perform well on the tests, thereby increasing the possibility 
of quessing and making a meaningful correlation between correct 
items and total scores difficult.  On the other hand, the 
experimental group was able to review their test papers, 
thereby giving them incentive to do their best. 
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Table 4 
Item Difficulty Indices of Tests Taken by Experimental Group 
Item 
Number 
1 
Retention Transfer 
Form A Form B Form A Form B 
.98 .92 .89 .73 
2 .87 .80 .81 .83 
3 .99 .73 .87 .89 
4 .87 .78 .81 .74 
5 .75 .72 .69 .81 
6 .82 .88 .75 .80 
7 .82 .59 .83 .85 
8 .76 .61 .60 .77 
9 .84 .65 .62 .79 
10 .87 .67 .88 .83 
11 .87 .81 .48 .82 
12 .86 .81 .51 .63 
13 .99 .96 .26 .29 
14 .97 .96 .24 .36 
15 .96 .96 .23 .28 
16 .78 .79 .84 .83 
17 .89 .78 .72 .83 
18 .88 .93 .86 .84 
19 .77 .77 .79 .82 
20 .91 .88 .73 .77 
21 .66 .78 .76 .76 
22 .88 .87 .81 .80 
23 .54 .49 .83 .69 
24 .56 .49 .86 .87 
25 .66 .67 .87 .86 
26 .78 .79 .75 .74 
27 .79 .79 .53 .64 
28 .83 .86 .58 .41 
29 .89 .88 .19 .45 
30 .85 .88 .31 .36 
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Table 5 
Experimental Group's Item-Total Correlations 
T t"f=*m Retention Transfer 
Number Form A Form B Form A Form B 
1 .03 .12 .53 .56 
2 .32 .36 .49 .53 
3 .09 .49 .55 .29 
4 .27 .51 .46 .39 
5 .49 .43 .48 .42 
6 .40 .46 .47 .42 
7 .47 .47 .35 .43 
8 .45 .57 .25 .54 
9 .57 .53 .46 .62 
10 .37 .57 .51 .60 
11 .42 .35 .45 .28 
12 .48 .36 .43 .31 
13 .33 .30 .25 .42 
14 .29 .35 .25 .32 
15 .24 .34 .40 .51 
16 .22 .49 .47 .64 
17 .27 .56 .59 .67 
18 .30 .39 .39 .54 
19 .55 .54 .55 .59 
20 .34 .42 .44 .50 
21 .47 .40 .50 .57 
22 .51 .55 .40 .52 
23 .63 .56 .49 .42 
24 .58 .51 .56 .42 
25 .55 .60 .52 .53 
26 .57 .53 .34 .40 
27 .58 .50 .44 .51 
28 .57 .65 .26 .33 
29 .50 .60 .28 .20 
30 .55 .51 .31 .48 
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Kuder-Richardson Formula 20 (KR?n), the reliability 
coefficient of internal consistency for a dichotomous item 
test, gives the variation within the test as a source of 
error. The coefficients calculated for the pretesting and 
the experimental groups are found in table 6. All coeffic- 
ients show a slight rise except the test of transfer, form 
A, which shows a drop of .02.  Nunnally (1967, p.187) suggests 
.80 and above as an acceptable level for KR?r).  According to 
that standard, the four test are sufficiently reliable. 
Another source of error, variation between parallel forms 
of the same test, is measured by the coefficient of stability. 
These coefficients and their related standard deviations are 
also found in table 6.  Only a negligible amount of change 
in reliability occured between the two administrations of the 
tests. 
Table 6 
Coefficients of Reliability 
for the Four Dependent Variables 
Retention .Transfer 
Form A Form. B Form A Form R 
KR2Q 
Pretest Group .79 .83 .86 .87 
Exper. Group .85 .88 .84 .87 
Coef. of Stability 
Pretest Group • 81 .76 
Exper. Group . 81 .71 
Standard Deviation 
Pretest Group 4.34 4.70 5.70 5.75 
Exper. Group 4.65 5.48 5.28 5.76 
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The slight drop in the reliability of the tests of trans- 
fer is most likely due to the group of students being tested 
and the amount of time allowed to elapse between form A and 
from B.  First, each group would give rise to different vari- 
ations amoung students.  Second, due to scheduling demands, 
the pretest group was given all four tests on one day while 
the experimental group was given different forms of the same 
test three and a half weeks apart. The extra time may have 
allowed more variation to appear. 
The opinion of Nunnally (1967, p. 211) will again be 
used as a guide for judging the acceptability of the coeffic- 
ients of stability.  He suggests that a substantial measurement 
error is present when the coefficient of stability falls 20 
or more points below the coefficient of internal consistency. 
According to that standard, the tests of retention are 
sufficiently reliable, the largest drop being only seven 
points.  However, the greatest drop for the test of transfer 
is 16 points, close to the limit of 20 points.  Although 
the writer realizes improvements can always be made, the 
reliabilities are sufficient considering the limitations of 
a small and restricted sample upon which they were calculated. 
Justification of parallel forms of the tests is also 
a necessary consideration. The individual means and standard 
deviations of the four tests are listed in table 7.  A 
z-test to test the means of related samples rendered no 
significant differences on the tests of retention and trans- 
fer. A z-test on the standard deviations of the transfer tests 
yielded a non-significant difference.  However, a significant 
difference was found between the standard deviations on the 
test of retention, z = 3.78 at the five per cent level. 
This indicates a difference in the two forms of the test of 
retention.  The writer again refers the reader to the list of 
objectives assigned to test questions (Chapter 2, p. 34-35) 
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to justify equal content. Because questions for each objec- 
tive were constructed in the same order, the item order dif- 
ficulty is equal. 
Table 7 
Descriptive Statistics of Tests 
Taken by Experimental Group 
Descriptive Retention Transfer 
Statistic Form A Form B Form A Form B 
N 180 180 180 180 
Range (Max. - Min.) • 21 (30-9) 22 (30-8) 26 (30-4) 24 (30-6) 
X 24.84 23.54 19.91 21.11 
Variance 21.63 30.05 27.85 33.15 
gl -.85 -.79 -.62 -.46 
g2 3.18 2.91 3.10 2.54   i 
One must also be concerned about test validity. In this 
situation it is only feasible to consider content validity. 
The tests were constructed solely for this unit and are not 
intended to have predictive value.  Nor has another test been 
found purporting to measure the same qualitites with which 
concurrent validity can be assessed.  Content validity has 
already been attempted by matching the objectives to test 
items (Chapter 2, p. 34-35). 
Finally, we will look at the test results.  The descrip- 
tive statistics of the dependent variables are listed in 
table 7.  The first four statistics are self-explanatory.  One 
will notice, however, that the mean decreased from form A 
to B on the test of retention, but on the test of transfer 
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the mean increased from for A to B. The last two statistics, 
g, and g_, indicate characteristics about the normality of the 
curves.  All g.rs are large negative values that do not fall 
within the 98% of 90% sampling limits.  All the curves are 
extremely negatively skewed.  However, the g calculations in- 
dicate that all the curves fall within the 98% sampling limit, 
thereby indicating normal kurtosis. 
At this point one can begin to look for significant 
F-ratios with the test of retention, form A.  The ratios 
for this test are listed in table 8.  One will notice that 
the F-ratio with respect to ability (df = 2,162 and p = 6.12 
at the 5%  level of significance) is the only significant one. 
A Scheffe test to find the exact differences indicated differ- 
ences between the high and average ability group, the high 
and low ability groups, but not the average and low ability 
groups. 
Table 8 
Analysis of Variance of the 
Test of Retention, Form A 
Sum of Mean 
Source df Squares Square F-Ratio 
Elem. Background (I) 1 23.52 23152 1.89 
Ability (J) 2 1449.52 724.76 58.30 * 
Teaching Method (K) 2 18.91 9.45 .76 
I x J 2 37.45 18.72 1.51 
J x K 4 74.49 18.62 1.49 
I x K 2 50.69 25.34 2.03 
I x J x K 4 88.29 22.07 1.78 
Error 162 2013.95 12.43   
Note. indicates significant F-ratios 
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Form B of the test of retention again had only one sig- 
nificant F-ratio, i.e. with respect to ability. Test infor- 
mation is given in table 9.  The Scheffe test (df = 2,162 
and p = 6.12 at the 5% level of significance) showed differ- 
ences between the average and low groups, the high-and the 
low groups, but not between the high and average groups. 
Table 9 
Analysis of Variance of the 
Test of Retention, Form B 
Sum of Mean 
Source df Squares Square F-Ratio 
Elem. Background (I) 1 22.58 22.58 1.19 
Ability (J) 2 1805.79 902.89 47.69 * 
Teaching Method (K) 2 66.26 33.13 1.75 
I x J 2 57.97 28.98 1.53 
J x K 4 68.94 17.24 .91 
I x K 2 52.83 26.42 1.40 
I x J x K 4 57.78 14.44 • 76 
Error 162 3066.85 18.93   
Note.  * indicates significant F-ratios, 
Significance was found with respect to two variables, 
elementary background and ability, on both forms of the tests 
of transfer. Test information is given in tables 10 and 11. 
In forms A and B, the group with the traditional elementary 
school background had a significantly higher mean than those 
with a discovery elementary school background.  Concerning the 
ability variable, a Scheffe test (df = 2,162 and p = 6.12 at 
the 5% level of significance) showed significant differences 
between the high and average ability groups, the high and low 
ability groups, but not the average and low groups. 
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Significant interactions were not found in any of the four 
tests. The interaction F-fatios were sufficiently small to 
assure no differences among the groups. 
Table 10 
Analysis of Variance of the 
Test o 
Source 
f Trar 
df 
isfer, Form 
Sum of 
Squares 
A 
Mean 
Square F-Ratio 
Elem. Background (I) 1 106.40 106.40 5.94 * 
Ability (J) 2 1840.80 920.40 •■ 51.39 * 
Teaching Method (K) 2 43.48 21.74 1.21 
I x J 2 1.76 .88 .05 
J x K 4 2.81 .70 .04 
I x K 2 1.64 .82 .05 
I x J x K 4 9.75 2.44 ..14 
Error 162 2901.69 17.91 
Table 11 
Analysis of Variance of the 
Test of Transfer, Form B 
Source 
Elem. Background (I) 
Ability (J) 
Teaching Method (K) 
I x J 
J x K 
I x K 
I x J x K 
Error 
df 
1 
2 
2 
2 
4 
2 
4 
162 
Sum of 
Squares 
171.83 
1955.50 
53.01 
4.65 
38.16 
39.67 
71.47 
3433.42 
Mean 
Square 
Note. * indicates significant F-ratios. 
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171.83 
977.75 
26.51 
2.33 
9.54 
19.83 
17.89 
21.19 
F-Ratio 
8.11 * 
46.13 * 
1.25 
.10 
.45 
.94 
.84 
Chapter 4 
Discussion 
The expectations of hypothesis 1, that traditional ele- 
mentary school background is euqal to a discovery elementary 
school background on both forms of the test of retention were 
fulfilled.  Apparently, the discovery group had acquired 
enough inquiry skills to perform as well as the traditional 
group.  However, on both forms of the test of transfer there 
was a significant difference between the two groups.  Surpris- 
ingly, the traditional group had the greater mean.  Even 
though research by Gutherie, Austin and Prevost, Price, Ray, 
and King indicates that the discovery group should excell in 
transfer of concepts, one must realize the opposite result 
can validly occur. There are plausible reasons for this 
result.  First, the elementary school background did not show 
a sharp contrast between the traditional and discovery method. 
Also, the experimenter only observed in the sixth and seventh 
grades, leabing five previous years of education overlooked. 
The teachers may have used teaching methods contrary to the 
ones expected during those years. 
A second reason for the outcome may also have to do with 
the elementary school background. One definite difference 
between the two schools was the amount of responsibility 
alloted to the students to correct their own work.  In this 
respect the traditional students may have an advantage. 
Certainly, almost any student can mark an answer right or 
wrong, but does he have the incentive or ability to find the 
correct answer? A teacher that corrects the homework papers 
can mark the errors and offer help.  The writer believes 
this gives the student a better understanding of the material 
that was covered and consequently a better basis to transfer 
concepts. 
-55- 
Another reason that may partially account for the signif- 
icant difference between the groups is the attitude the 
subjects have acquired over the years.  At the time the test 
papers were returned so that the results could be reviewed, 
the experimenter noticed a difference in attitude.  All 
classes of the traditional group had questions concerning 
their mistakes.  However, not one question was asked in the 
discovery group.  Most will agree that inquisitiveness is a 
necessary trait for transfer of concepts. The traditional 
students, whether intrinsically or extrinsically motivated, 
have acquired a curiosity. 
Closely related to a seemingly apathic attitude at the 
discovery school is the fact that the experiment was con- 
ducted in the first full year the school was in operation. 
The students have become accustomed to visitors in the school 
and extra publicity since it is the first open school in the 
district.  An experiment may not have sparked any excitement 
as it might have in the traditional school. 
As expected, the second null hypothesis, all three ability 
groups are equal, had a significant F-ratio on all four tests. 
All subjects did finish the lessons in the given amount of 
time, but a criterion oriented test was not given before 
they could go on to take the final tests.  Because the measures 
were power tests one would expect different levels of 
achievement. 
Acceptance of the third null hypothesis, all three teach- 
ing methods are equally effective, was contrary to the ex- 
pected results. According to this experiment, all three 
teaching methods produced the same amount of achievement on 
both forms of the tests of retention and transfer.  The 
only literature found to agree with this outcome is the study 
done by Roughhead and Scandura.  They believe that the same 
amount can be accomplished by the discovery and traditional 
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methods of teaching.  This conclusion may very well be true 
for these two experiments.  A result of this type, all methods 
being equally effective, allows more flexibility for the 
teacher when choosing an appropriate method to use. This was 
the reason for instituting the intermediate teaching method. 
Once again the writer must cite the mixed elementary 
school background as a reason for equal effectiveness of 
teaching methods.  Since all students have been exposed to 
both teaching methods, they may be able to achieve equally 
well in both.  A second possible reason" for the outcome is 
interaction among the students outside of class.  Because the 
experimenter had to divide each class into three groups to 
give each group the appropriate learning packet, the students 
were alerted to differences.  It is entirely possible the 
students discussed the different approaches of each learning 
packet. 
Third, the actual learning of the material took only one 
week.  This may have not been enough time for the effect of 
different teaching methods to surface.  Possibly a longer 
unit of study would have shown a difference. 
All four combinations of interactions showed no signif- 
icant differences.  Even the ability x teaching method 
interaction that the writer was interested in showed no 
significance.  Another combination that had a greater likeli- 
hood of being significant, i.e. teaching method x elementary 
school background showed no difference.  Here the group with 
a traditional background using the traditional teaching 
method vs. the group with a discovery background using the 
discovery teaching method would have been of great interest. 
Many of the reasons used to explain other nonsignificant 
outcomes of the experiment would also apply here; i.e. mixed 
elementary school background and use of a longer unit of 
study. 
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No matter how well an experiment is planned improvements 
can always be made.  First, one can always hope for a larger 
sample of subjects. The writer was aware that some subjects 
would be lost, but did not expect to lose 84 subjects out of 
a possible 264 subjects.  It would also be advantagous to use 
subjects in a number of school districts, rather than just one. 
This would give a greater ability to draw inferences. 
An increased number of school districts included in the 
experiment would have a second advantage. With more obser- 
cation done in the schools one should be able to draw a 
clearer picture of the traditional and discovery characteris- 
tics of the school.  One could also consider designing a 
scale for the teacher to assess their teaching qualities. 
Some aspects of the teaching methods required change due 
to the particular situation of the experiment.  If possible, 
the experiment should be repeated, this time having the 
traditional lessons presented by a teacher.  Packets are not 
indigenous to the traditional method of teaching. A  second 
recommendation for change if the experiment is repeated 
would be to order the sequences of the intermediate method, 
rather than have them randomly chosen.  The writer would be 
especially interested in a T-D-T-D-... order and a D-T-D-T-... 
order.  Third, the goal of a four week lapse between admin- 
istrations of the tests was not entirely achieved.  Due to 
scheduling only three and a half weeks elapsed between tests. 
Before one can state that the results of this particular 
experiment are true for the infinite population of seventh 
grade mathematics students, the shortcomings must be reviewed. 
First, the curves of the dependent variables are not normal. 
The most atypical characteristic is extreme negative skewness. 
Second, due to unavoidable difficulties in scheduling the 
lapse of time between the completion of the unit of study and 
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the administration of form A of the tests in the two schools 
is different.  In the traditional school the tests were given 
three and four days after th* unit.  In the discovery school 
the tests were administered four and six days after the unit 
was finished. This will affect any significant differences 
that have been found on form A of the test of retention and 
transfer.  Third, one must consider the type of student used 
in the experiment.  The subjects were from a middle class, 
suburban, consolidated school district.  This environment 
would hardly compare with a group of seventh graders from a 
low socio-economic, urban school district. 
In conclusion, the writer does not believe one should 
make wide range generalizations from this experiment due to 
the disagreement with the majority of the literature and the 
shortcomings already listed.  However, one cannot ignore the 
findings as they pertain to this particular school district. 
They should be used to assess the present situation and 
possibly make recommendations for the future. 
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Appendix 
The formula found in objective 22, page 17, has not been 
found in a textbook by the writer.  Consequently the formula 
needs explanation and proof.  The first five terms of the first 
four types of polygonal numbers and the differences between 
the terms are listed below. 
Triangular (TN) Squan 5  (SN) Pentagonal(PN) Hexagonal(HN) 
Numbers Numbers Numbers Numbers 
1 n 1 1   A 1 ,_ 2 3 4 5 
3 4 5 6 
6  3 9 5 12  7 15  9 
10 4 16 7 22 10 28 13 
15  5 25 9 35 13 45 17 
The n  polygonal number can be found by adding the first 
polygonal number, one, plus the differences between the 
previous terms.  Below the 5th term of each of the first four 
polygonal numbers is found by this method.  Then the sums 
are partitioned. 
Fifth Triangular Number 
15 =1 + 2+3+4 + 5 
= 1 + (1+1) + (1+1+1) + (1+1+1+1) + (1+1+1+1+1) 
= (1+(1)(0)) + (1+(1)(1)) + (1+(1)(2)) + (1+(1)(3)) + 
(1+(1)(4)) 
= t  1 + (l)(n-l) 
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Fifth Square Number 
25  =1+3+5+7+9 
= 1 + (1+2)   +  (1+2+2)   +  (1+2+2+2)   +  (1+2+2+2+2) 
= (l+(2)(0))   +  (1+(2)(1))   +  (l+(2)(2))   +  (l+(2)(3))+ 
r(i+(2)(4)) 
=   £  1 +  (2)(n-l) 
i 
Fifth Pentagonal Number 
35 = 1 + 4 + 7 + 10 + 13 
= 1 + (1+3) + (1+3+3) + (1+3+3+3) + (1+3+3+3+3)  A 
= (l+(3)(0)) + (1+(3)(1)) + (l+(3)(2)) + (l+(3)(3))+ 
(l+(3)(4)) 
,  = £ 1 + (3)(n-l) 
i 
Fifth Hexagonal Number 
45 = 1 + 5 + 9 + 13 + 17 
= 1 + (1+4) + (1+4+4) + (1+4+4+4) + (1+4+4+4+4) 
= (l+(4)(0)) + (1+(4)(1)) + (l+(4)(2)) + (l+(4)(3)) + 
(l+(4)(4)) 
= £ 1 + (4)(n-l) 
The logical conclusion is that the general formula for 
finding the n  term of any polygonal number is 
P = £ 1 + (s-2)(n-l) 
'^
th
  4. where n = n  term 
s = number of sides of that 
particular polygon 
This formula must be proved in two steps, first for a 
particular polygonal number and then for all polygonal numbers. 
Using pentagonal numbers as an example for the first step the 
n 
formula P = £ l+(3)(n-l) will be proved. 
i 
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1 = 1 
5=1 + (1+3) 
12 = 1 + (1+3) + (1+3+3) 
22 = 1 + (1+3) + (1+3+3) + (1+3+3+3) 
(n-3)th term = 1 + (1+3) + (1+3+3) +  (l+(3)(n-2)) 
(n)th term = 1 + (1+3) + (1+3+3) + (l+(3)(n-l) 
(n+l)thterm = j~£l + (3)(n-l)J + I £l + (3)(n-l) +3} 
= ^'l + (3)(n-l) 
Hence by induction P = ^T 1 + (3)(n-l) 
1 
n 
The second step requires that the formula P = ) l+(s-2)(n-l) 
be proved. 
nth TN = £l + (l)(n-l) 
n
th
 SN = X1 +  (2)(n-l) 
n
th
 PN = £l + (3)(n-l) 
n
th
 HN = f 1 + (4)(n-l) 
n
th
 sN =   1 + (s-2)(n-l) _ 
n
th
 s+lN = F£l + (s-2)(n-l)]+ f ? l+(s-2) (n-1) + (s-2)| 
=   ±1 +  (s-2)(n-l) 
Hence by induction P = y   1 + (s-2)(n-l) 
T 
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